Ryser conjectured that τ (r − 1)ν for r-partite hypergraphs, where τ is the covering number and ν is the matching number. We prove this conjecture for r 9 in the special case of linear intersecting hypergraphs, in other words where every pair of lines meets in exactly one vertex.
Introduction
A hypergraph H is a set of non-empty subsets, variously called lines, edges or hyperedges, of a finite underlying vertex set V (H). The degree of a vertex v ∈ V (H), denoted deg (v) , is the number of lines in H that contain v. A hypergraph is r-uniform if every line contains exactly r vertices. Thus a 2-uniform hypergraph is simply a graph.
Covers and matchings in hypergraphs are widely studied [6] . A cover of a hypergraph H is a set of vertices C ⊆ V (H) such that every line of H contains at least one vertex of C. The covering number of H, denoted τ (H), is the minimum size of a cover of H. A matching in H is a set of pairwise disjoint lines of H and the matching number of H, denoted ν(H), is the maximum size of a matching in H. Most hypergraphs in this paper are intersecting, meaning that every pair of lines meets in at least one vertex; equivalently ν = 1.
The covering number and matching number of a hypergraph are related. First, for every hypergraph, ν τ since each cover contains at least one vertex from each line in any given matching. Second, for every r-uniform hypergraph, τ rν since a cover can be obtained from the union of the lines in a maximal matching; this bound is sharp and is achieved, for example, by projective planes of order r − 1.
A hypergraph is r-partite if its vertex set can be partitioned into r sets, called sides, such that every line consists of exactly one vertex from each side. Hence every r-partite hypergraph is necessarily r-uniform. An r-partite hypergraph can be constructed from a projective plane of order r − 1 by removing a single vertex v and the r lines through v. The resulting hypergraph
In §3.1 we show that Conjecture 1.2 is false, by providing a counterexample when r = 13. Furthermore, in §3. 3 we describe an infinite family of linear intersecting r-partite hypergraphs with τ = r − 2, built from mutually orthogonal latin squares. Although this family of hypergraphs have covers consisting of an line with a vertex removed, they have the property that no minimal cover is contained within a line or a side.
In studying Conjecture 1.1 it is natural to investigate hypergraphs that achieve the equality τ = (r − 1)ν. A well-known infinite family of such hypergraphs with ν = 1 is the family of truncated projective planes P ′ r (where r − 1 is a prime power). Note that τ r − 1 since each side of P ′ r has r − 1 vertices and τ r − 1 since each vertex lies on r − 1 lines and the total number of lines is (r − 1)
2 . However, P ′ r has more lines than is necessary in the sense that many of its subhypergraphs achieve τ = r − 1. Conversely, we will report in §4 that for r 7 the only way to achieve τ = r − 1 in a linear intersecting r-partite hypergraph is to take a subhypergraph of P ′ r . In particular, there are no linear intersecting 7-partite hypergraphs with τ = 6, since P ′ 7 does not exist. By contrast, it was shown in [1, 3] that there are non-linear intersecting 7-partite hypergraphs with τ = 6. We also describe in §3.4 a linear intersecting hypergraph having r = 8 and τ = 7 and which is not a subhypergraph of P ′ 8 . Moreover, in §3. 2 we give examples of non-linear intersecting r-partite hypergraphs with r ∈ {9, 13, 17} which have covering number r − 1.
Notation
We deal with r-partite hypergraphs throughout. To avoid degeneracies we always assume that r 2 and that every vertex has positive degree. The sides of our hypergraphs are always denoted V 0 , V 1 , . . . , V r−1 and we have V = ∪ r−1 i=0 V i . The covering number, matching number, minimum degree and maximum degree of a hypergraph are denoted by τ , ν, δ and ∆, respectively. The number of lines in a hypergraph H is denoted h or |H|. We often use discrete interval notation [n 1 , n 2 ] = {n 1 , n 1 + 1, n 1 + 2, . . . , n 2 }, where n 1 and n 2 are two integers and n 1 n 2 .
Ryser's conjecture for linear intersecting hypergraphs
In this section we prove that Conjecture 1.1 holds for all linear intersecting hypergraphs with at most nine sides. We begin by establishing some properties of a hypothetical counterexample.
General properties
Lemma 2.1. Let H be an intersecting r-partite hypergraph with τ (H) = r. Then (i) Each side of H has size at least r.
(ii) Each vertex of H has degree at least 2.
(iii) Each line of H contains at most one vertex of degree 2.
Proof. Each side is a cover so it contains at least τ (H) vertices, hence (i) holds. If a vertex v has degree 1 and ℓ is the line containing v, then ℓ\{v} is a cover of size r − 1, hence (ii) holds. Finally, if there is a line ℓ containing distinct vertices u and v of degree 2, then we get a cover of size r − 1 by taking ℓ\{u, v} ∪ {x}, where x is a vertex in the intersection of the (at most) two lines other than ℓ that meet {u, v}. Therefore, (iii) is proved. Lemma 2.2. Let H be an intersecting r-partite hypergraph with τ (H) = r. Then ∆ 4. Furthermore, if H is linear, then ∆ r − 2.
Proof. By Lemma 2.1, we may assume that δ(H) 2. Suppose there are h lines in H. If we count the lines which intersect a given line, we find that h (∆ − 1)r + 1 with equality only if H is ∆-regular. If we count the lines incident with a side that contains a vertex of degree ∆, we find that h 2(r − 1) + ∆, with equality only if all other vertices on that side have degree 2. The above observations together show that ∆ 4. Now suppose that H is linear and let v be a vertex of degree ∆. Without loss of generality, assume that v is on side V 0 and let u ∈ V 0 \ {v} (such a u exists, since τ (H) > 1). Any line ℓ through u meets the lines through v in ∆ distinct vertices on sides other than V 0 , since H is linear and intersecting. Hence ∆ r − 1. If ∆ = r − 1 then side V 1 has at most r − 1 vertices. Indeed, ℓ cannot contain any vertex on side V 1 other than the vertices on lines through v. As this is true for any line ℓ which does not contain v, there can only be r − 1 vertices in V 1 , which means that τ (H) r − 1. We conclude that ∆ r − 2. Theorem 2.3. Let H be an intersecting r-partite hypergraph with τ (H) = r and maximum degree ∆.
Proof. Suppose that H contains d i vertices of degree i for 2 i ∆. Since each side of H is a cover, there must be r 2 + ε vertices in H for some ε 0. Hence
By counting vertex-line incidences we find that
Also, since H is intersecting, we get the following inequality by counting incidences between lines: 
Hence, the discriminant of the quadratic in h given by (2.5) is non-negative, which implies (2.1).
In a linear intersecting r-partite hypergraph with τ = r, we have 4 ∆ r − 2, by Lemma 2.2. Substituting ∆ ∈ {4, 5, 6} into (2.1), yields an immediate contradiction. Hence: Corollary 2.4. If there exists a linear intersecting r-partite hypergraph H such that τ (H) = r, then ∆(H) 7.
Corollary 2.5. Conjecture 1.1 holds for all linear intersecting r-partite hypergraphs when r 8.
Linear intersecting 9-partite hypergraphs
In this subsection we prove that a linear intersecting 9-partite hypergraph has covering number at most 8. For a potential counterexample H, let h = |H| be the number of lines in H and ε := |V (H)| − r 2 0. First, we demonstrate some further properties that such a hypergraph would have, if it were to exist. Note that we may assume that ∆ = 7, given Corollary 2.4 and Lemma 2.2. Lemma 2.6. If H is a linear intersecting 9-partite hypergraph with ∆ = 7 and τ = 9, then h 39.
Proof. Let u be a vertex of degree ∆ = 7, and without loss of generality, assume that u ∈ V 0 . Let A be the set of vertices that lie on lines through u in the remaining eight sides. Then
Let ℓ be a line through a vertex in B. Then ℓ is incident with a vertex other than u in side V 0 and it intersects all seven lines incident with u. That is, |ℓ ∩ A| = 7 and |ℓ ∩ B| = 1. Since every vertex in B has degree at least 2, there are at least 2|B| 32 such lines. Therefore, h 7 + 32 = 39.
By (2.6),
This inequality has no integer solution for h when ε 5 if r = 9 and ∆ = 7. Otherwise, together with Lemma 2.6, we obtain that h min (ε) h h max (ε) where h min (ε) and h max (ε) are as follows: ε 0 1 2 3 4 h min 39 39 39 39 42 h max 51 50 48 46 42 Lemma 2.7. If H is a linear intersecting 9-partite hypergraph with ∆ = 7 and τ (H) = 9, then for every pair of degree 7 vertices on different sides there is a line of H that contains both vertices.
Proof. Suppose to the contrary that v 0 and v 1 are degree 7 vertices on sides V 0 and V 1 , respectively, which do not lie on a common line. Let e 1 , . . . , e 7 be the lines which contain v 0 and f 1 , . . . , f 7 be the lines which contain v 1 . For every i, j ∈ [1, 7] , lines e i and f j meet at a vertex in one of the last seven sides V 2 , . . . , V 8 .
Define
Any line ℓ through y intersects each of f 1 , . . . , f 7 in the last seven sides and thus also intersects each of e 1 , . . . , e 7 in the last seven sides. Hence ℓ contains a vertex in V We have already encountered 20 distinct lines of H, namely e 1 , . . . e 7 , f 1 , . . . , f 7 and at least 6 lines through V ′ 0 . Let B be the set of vertices in the last seven sides which do not lie on any of these 20 lines. Then |B| 14, since B includes at least two vertices from each of V 2 , . . . , V 8 . Let x ∈ B, and let g be a line through x. Since g intersects each line e 1 , . . . , e 7 , it follows that g ∩ B = {x}. However x has degree at least 2. Therefore h 20 + 2|B| 48, which is a contradiction.
Remark. Although the proof of Lemma 2.7 does not completely generalise to larger r, it does demonstrate that if H is a linear intersecting r-partite hypergraph with ∆ = r − 2, τ = r and ǫ 2, then each pair of degree ∆ vertices on different sides lie on a common line.
Degree sequences, line types, and side types
Recall that H is assumed to be a linear intersecting 9-partite hypergraph with τ (H) = r and ∆ = 7. For each h and ε within the bounds given by (2.7), we computed the set D(h, ε) of all possible degree sequences that satisfy the equations (2.2), (2.3) and (2.4). Note that since H is linear, equality is enforced in (2.4). From here on, we denote a degree sequence in 
Similarly, for given h and ε, we determined the set S(h, ε) of all possible degree sequences of vertices on a side of H, and the set L(h) of all possible degree sequence of vertices on a line of H. We arbitrarily order sets S(h, ε) and L(h) to easily index their elements. Then for t ∈ {1, 2, . . . , |S(h, ε)|}, a side of type t in S(h, ε) is a sequence of non-negative integers [s A line of type t in L(h), where t ∈ {1, 2, . . . , |L(h)|}, is a sequence of non-negative integers [ℓ (ii)
since H is linear intersecting; and
by Lemma 2.1(iii).
Pairwise conditions
Our next goal is to verify which degree sequences are feasible. We assume that h and ε are given, and that
is a degree sequence in D(h, ε). Suppose that there exists H, a linear intersecting hypergraph with r = τ = 9, ∆ = 7 on r 2 + ε vertices with h lines and the given degree sequence. For every t ∈ {1, 2, . . . , |S(h, ε)|}, let x t denote the number of sides of type t that are contained in H. For every t ∈ {1, 2, . . . , |L(h)|}, let y t denote the number of lines of type t that are contained in H. Then x t and y t are non-negative integers which satisfy some obvious necessary conditions listed by equations (2.8)-(2.11). Equation (2.12) is a double count of pairs of vertices of degree i and lines on which these vertices lie, for i ∈ [2, 7] . Since H is a linear intersecting hypergraph, no pair of vertices is contained on two lines. Hence, the number of pairs of vertices contained on a line or on a side cannot exceed the total number of pairs given by the degree sequence. This condition is given by equations (2.13)-(2.15), depending on whether we count pairs of vertices having the same degree, or pairs of vertices with different degree. Putting all of these conditions together, we formulate an integer program on variables x t and y t . 
This integer program has a feasible solution only for the following twelve degree sequences
. For all of these, ε = 0. 
Assignment of lines to vertices
If a linear intersecting 9-partite hypergraph H with τ (H) = 9 exists, then it has 81 vertices (ε = 0), h ∈ {45, 46, 47}, and one of the twelve degree sequence listed at the end of §2.2.2. Let D be one of these degree sequences. Next we generated the set S(D) of all possible non-negative integer solutions for the system of equations (2.8), (2.9), and (2.10). Let S = [x 1 , x 2 , . . . , x |S(h,0)| ] denote a particular solution in S(D). We formulate another system of linear equations which takes D and S as input values. Let V = V (H) be the vertex set of H which is partitioned into 9 sides of equal size. Then the set of degree sequences of vertices in the sides of H corresponds to a solution S ∈ S(D). We change the notation slightly, to let s v j denote the number of vertices of degree j in the side that contains vertex v.
As before, let y t be the number of lines of type t from the set L(h) present in H. Define z We found a feasible solution for the integer program given by (2.11)-(2.21) only for two pairs of input values of a degree sequence D and S ∈ S(D) which we consider more closely in the following subsection.
Remaining cases
The two cases for which the integer program in the previous section has a feasible solution both have h = 46. Below we give the input degree sequence D and a matrix representation of S. Here, a column of S corresponds to a side, and each entry is the degree of a vertex in that side. Each matrix S is given uniquely, up to permutation of sides and permutation of vertices within each side. 
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 4 4 4 2 2 3 2 2 2 5 5 5 6 6 5 5 5 5 6 6 6 6 6 6 7 7 7 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 For clarity, we index the line types in L by A, B, C and D, respectively. Then for t ∈ {A, B, C, D}, y t is the number of lines of type t in H and (y A , y B , y C , y D ) satisfies the equations (2.11)-(2.15). In this case, many of these equations are dependent and it is enough to consider equations (2.11), (2.12) for i ∈ {4, 5}, and (2.14) to obtain the unique solution 
Let e be a line of type C. Line e intersects each of the 20 lines of type D exactly once. Moreover, line e intersects a line of type D either in its vertex of degree 2 or in one of its 6 vertices of degree 7. Observe that vertices of degree 7 in sides V 0 and V 1 are incident with 4 and 5 lines of type D, respectively; all other vertices of degree 7 are always incident with exactly 3 lines of type D. Depending on whether e intersects a line of type D in its vertex of degree 2 or not, it is easy to see that, in order for e to meet 20 lines of type D, e either contains exactly one vertex of degree 7 on side V 0 or exactly one vertex of degree 7 on side V 1 , but not both. Since z v C = 2 if v ∈ V 0 and z v C = 1 if v ∈ V 1 when deg(v) = 7, there are at most 2 · 3 + 1 · 3 = 9 lines of type C, which gives a contradiction. Therefore, such a hypergraph does not exist.
We conclude that there does not exist a linear intersecting 9-partite hypergraph with covering number 9 and ∆ = 7. Together with Corollary 2.5 we have shown:
Theorem 2.8. For 2 r 9 every linear intersecting r-partite hypergraph has covering number at most r − 1.
Hypergraph constructions
In this section we describe several hypergraph constructions that are of interest. First we define some additional notation. Let H be an r-partite hypergraph. In each side V k , we label the vertices by (k, 0), (k, 1), . . . , (k, |V k | − 1), which we abbreviate to 0, 1, . . . , |V k | − 1 when the side is clear from context. We say that a vertex (k, l) ∈ V k is at level l in side V k . We denote a line e in H by [l 0 , l 1 , l 2 , . . . l r−1 ] , where e contains the vertex at level l k in side V k , where k ∈ [0, r − 1]. When presenting a specific example, we omit the square brackets and commas to make the notation cleaner. The cyclic 1-shift of a line [l 0 , l 1 , l 2 , . . . , l r−1 ] is the line [l r−1 , l 0 , l 1 , . . . , l r−2 ] and the cyclic t-shift of a line e, denoted e t , is the line obtained from e by applying t cyclic 1-shifts. In particular, e 0 = e = e r . An r-partite hypergraph is cyclic if its automorphism group contains a cyclic subgroup of order r acting transitively on the sides. A cyclic r-partite hypergraph can be obtained by developing a set of starter lines by cyclic shifts.
A counterexample to Conjecture 1.2
In this subsection we give a counterexample to Conjecture 1.2.
Theorem 3.1. For at least one value of r there is an intersecting r-partite hypergraph H such that each of its sides has size r and e \ {v} is not a cover for any e ∈ H and any v ∈ e.
Proof. Let r = 13. We give an example of a cyclic linear intersecting r-partite hypergraph H in which every side has size r. The 3r lines of H are obtained by taking all possible cyclic shifts of the following three starter lines. We claim that H is a linear intersecting hypergraph. Observe that |e
j | = |e i ∩ e t 2 −t 1 j | for any i, j ∈ {1, 2, 3} and 0 t 1 t 2 < r. Hence, it suffices to show that for any i, j ∈ {1, 2, 3} and 0 t < r where (j, t) = (i, 0), lines e i and e t j intersect in exactly one vertex. First we consider the case when i = j. By construction, e 3 i has the underlying structure of a 4-extended Skolem sequence of order 6, namely 6420246531135. For example, this sequence is obtained from e 3 1 by relabelling the levels using the permutation (1, 2, 6)(3, 5). For definitions and background on Skolem sequences, see [5] . In our case, the result is that for every t ∈ [1,
], there is a unique pair (k, l) and (k ′ , l) of vertices in e i with k ′ − k ≡ t (mod r). Hence e i ∩ e t i = {(k ′ , l)} and e i ∩ e r−t i = {(k, l)}. Now assume that i = j. Suppose that there are two distinct vertices (k 1 , l 1 ) and (k 2 , l 2 ) in e i ∩ e t j . Since e i ∩ e j = {(0, 0)}, we may assume that t ∈ [1, r − 1]. Then by inspection, we must have l 1 , l 2 ∈ {1, 2, 3} (the relevant entries are shown in bold in (3.1)). For the different possible pairs (l 1 , l 2 ) the following table shows the feasible distances k 2 − k 1 (mod r).
Since there is no row of the table where the same distance occurs in different columns, we conclude that
Since e i and e j intersect in the vertex (0, 0), and both have a pair of vertices on each level l ∈ {1, 2, 3}, there are 1 + 3 · 4 = 13 vertices in which e i intersects the set of all cyclic shifts of e j . It follows that we must have equality in (3.2) for each i, j, t. Thus H is a linear intersecting hypergraph. Since δ(H) = 2, it follows that for every line e ∈ H and each vertex v ∈ e, the set of vertices e \ {v} is not a cover.
For the linear intersecting 13-partite hypergraph constructed in the proof of Theorem 3.1 we found by computation that τ (H) = 9. The following set of vertices is a 9 cover for H: (5, 0), (8, 0), (10, 1), (10, 2), (10, 3) }.
Cyclic intersecting hypergraphs with
Next we give an example of a cyclic intersecting r-partite hypergraph which has covering number r − 1 for r ∈ {9, 13, 17}. The methodology for building these hypergraphs is similar to the construction given in the proof of Theorem 3.1. However, in each case below the hypergraph we construct is non-linear.
Lemma 3.2. Let (r, s) ∈ {(9, 4), (13, 5), (17, 6)}. Then there exists a cyclic intersecting rpartite hypergraph H such that H has sr lines and τ (H) = r − 1.
Proof. The sr lines of H are obtained by taking all possible cyclic shifts of lines in the starters given below. r = 9 e 1 = 4 3 2 1 0 1 2 3 4 e 2 = 3 6 5 4 0 4 5 6 3 e 3 = 1 2 4 6 0 6 4 2 1 e 4 = 3 0 2 6 7 6 2 0 3 r = 13 e 1 = 6 5 4 3 2 1 0 1 2 3 4 5 6 e 2 = 9 6 1 8 7 5 0 5 7 8 1 6 9 e 3 = 7 2 9 1 3 10 0 10 3 1 9 2 7 e 4 = 5 3 2 6 9 7 0 7 9 6 2 3 5 e 5 = 9 5 2 6 3 7 11 7 3 6 2 5 9 r = 17 e 1 = 3 12 11 4 1 10 2 9 0 9 2 10 1 4 11 12 3 e 2 = 1 8 7 6 5 4 3 2 0 2 3 4 5 6 7 8 1 e 3 = 14 3 9 7 15 11 6 4 0 4 6 11 15 7 9 3 14 e 4 = 6 2 5 11 14 12 4 10 0 10 4 12 14 11 5 2 6 e 5 = 11 10 14 1 7 3 12 8 0 8 12 3 7 1 14 10 11 e 6 = 7 4 13 5 9 1 11 12 0 12 11 1 9 5 13 4 7
We found by computation that the covering numbers for these three hypergraphs are 8, 12 and 16, respectively.
Remark. The hypergraphs with r = 9, r = 13 and r = 17 in Lemma 3.2 are intrinsically non-linear; each has the property that it does not contain a linear subhypergraph with covering number r − 1.
First, if H is the hypergraph with r = 9, then |e 2 ∩ e 4 | = 2, but deleting either e 2 or e 4 reduces the covering number. Below are covers of size 7 for H\{e 2 } and H\{e 4 }, respectively. {(5, 6), (6, 0), (6, 1) , (6, 2) , (6, 3) , (6, 4) , (6, 6 )} { (4, 0), (4, 1), (4, 2), (4, 3), (4, 4) , (4, 5) , (4, 6)} Similarly, if H is the hypergraph with r = 13, then |e 1 ∩ e 5 | = 2 and below are covers of size 11 for H\{e 1 } and H\{e 5 }, respectively. {(0, 7), (1, 3) , (2, 3) , (3, 7) , (8, 0) , (8, 1) , (8, 3) , (8, 5) , (8, 6) , (8, 7) , (12, 2)} {(1, 9), (4, 6) , (6, 0) , (6, 1) , (6, 2) , (6, 3) , (6, 6) , (6, 7) , (6, 9) , (8, 6) , (11, 9) } Finally, consider the hypergraph H in Lemma 3.2 with r = 17. Let H 1 be the subhypergraph obtained from all of the cyclic shifts of starter lines e 2 , e 3 , e 4 , e 5 , e 6 . Then H 1 is a linear intersecting hypergraph with covering number 15, where the following set of vertices is a minimal cover: {(4, 5), (4, 8) , (4, 11) , (5, 4) , (5, 7), (10, 0), (10, 4) , (10, 6) , (10, 7) , (10, 14) 
Linear intersecting hypergraphs built from latin squares
Next we describe a family of linear intersecting r-partite hypergraphs which do not have a minimal cover that consists of a single side or that consists of a subset of a line.
A latin square of order n is an n × n array of n symbols such that each symbol appears exactly once in each row and exactly once in each column. If L is a latin square, L[r, c] denotes the symbol in row r and column c of L. A pair of latin squares of order n are orthogonal if, when the two squares are superimposed, each of the n 2 possible ordered pairs of symbols occurs exactly once. A set of latin squares is called mutually orthogonal if each pair of latin squares in the set are orthogonal. For more on latin squares, see [12] . For i = 0, . . . , k − 1 define
It is straightforward to check that each line in E i intersects each line in E * exactly once, and that the lines in E * meet each other exactly once. Since M ′ i is a latin square, two distinct lines in E i intersect only at the vertex (n, i). We next show that lines of E i and E j also intersect linearly for i = j. Consider a line
Since L i and L j are orthogonal latin squares, there is a unique cell (r, c) where than 6 vertices. This contradiction shows that X does not exist. Since V 0 is a 7-cover, we must have τ (H 38 ) = 7.
Some further properties of H 38 are discussed in the next section.
Computational results
In this section we describe a computational proof of the following result.
Theorem 4.1.
1. For r 7 the only linear intersecting r-partite hypergraphs to achieve equality in Ryser's conjecture are subhypergraphs of P ′ r . In particular, there are none for r = 7. 2. No subhypergraph of H 38 has τ = 7 and is isomorphic to a subhypergraph of P ′ 8 .
3. The smallest subhypergraph of H 38 with τ = 7 has 22 lines. The smallest subhypergraph of P ′ 8 with τ = 7 also has 22 lines. Clearly, by part (1), every 7-partite linear intersecting hypergraph satisfies τ 5. There are a number of non-isomorphic ways to achieve τ = 5, including by the construction in Lemma 3.3. For 7-partite intersecting non-linear hypergraphs with τ = 6, see [1, 3] .
Let H be a 7-partite linear intersecting hypergraph with h = |H| lines and τ 6. By an argument similar to the proof of Lemma 2. We next describe the computation that established Part 1 of Theorem 4.1. By the above comments, we can split the problem for r = 7 into three subcases ∆ = 4, ∆ = 5 and ∆ = 6. We started with a vertex of degree ∆ on side V 0 . (In the ∆ = 4 case, we then added a second vertex of degree ∆ to V 0 in all possible ways up to isomorphism.) Subsequent lines were added one at a time, ensuring that all pairs of lines intersected in a single point and that the assumed maximum degree was not violated. After each line was added, we tested for isomorphism and kept only one representative of each isomorphism class. For isomorphism checking we converted the hypergraphs into vertex-coloured graphs and applied the software nauty [8] . For ∆ = 4, 5, 6 the largest hypergraphs we obtained had 16, 25, 18 lines respectively. All hypergraphs that we built had a 5-cover, proving the claim that no linear 7-partite intersecting hypergraph achieves τ = 6.
For r 6, we performed computations as just described, except that there was no need to split the problem into subcases according to the maximum degree. Every hypergraph that we encountered could be extended to P ′ r . For r 8 the above method is not practical for a complete enumeration. However, we did a partial enumeration and found a number of linear intersecting 8-partite hypergraphs that are maximal (no lines can be added), have τ = 7 and yet are not isomorphic to P ′ 8 . Most of these have the property that a few lines can be removed to get something isomorphic to a subhypergraph of P ′ 8 . However, the hypergraph H 38 described in §3.4 seems to be of a very different nature, which is why we tested its properties more thoroughly.
In Table 1 and Table 2 by their size. The tables were prepared by exhaustive enumeration, using a heuristic upper bound for the covering number to quickly eliminate most subhypergraphs with τ (H) 6, and employing nauty to remove isomorphs. We end with an example of a subhypergraph of P
